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In this paper, we construct two-dimensional continuous (smooth)
Malvar wavelets dened on a hexagon A, which constitute an or-
thonormal basis of L2(A). The method can be generalized to many
hexagons. c© 1996 Academic Press, Inc.
1. INTRODUCTION
Malvar wavelets were originally developed from the lap-
ped orthogonal transforms to eliminate the blocking eects
in transform coding [1, 2], which can be thought of as a
family of local sinusoidal bases [3, 69, 17]. A general
description of window functions for Malvar wavelets was
given by Coifman and Meyer [3]. With this description
of window functions, Malvar wavelets were generalized to
more general forms, for example, continuous-time case [4,
5, 7, 8, 10] and discrete-time case [12, 13]. Most recently,
a family of two dimensional nonseparable Malvar wavelets
on rectangular regions were obtained by Xia and Suter [14].
These two-dimensional nonseparable Malvar wavelets have
potential applications in many elds, including the simu-
lation of turbulence flow. In addition, a discrete imple-
mentation of spatial-varying lter banks was obtained in
[15, 16].
In this paper, we want to construct orthonormal bases
or Malvar wavelets dened on a hexagon A shown in
Fig. 1, using local bases dened on its three rhombuses
Aj, j = 1, 2, 3. In the following, small bold English letters,
such as, x,y, always denote two dimensional vectors in R2.
Let fj,k(x), k 2 Z, be an orthonormal basis for L2(Aj) for
each j = 1, 2, 3, where L2(Aj) denotes all square integrable
functions on Aj. A trivial way to construct an orthonormal
basis for L2(A) is that we simply use the truncation win-
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AFOSR-616-94-0001, and AFOSR-616-94-0025.
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Canyon Rd., Malibu, CA 90265.
dows χAj(x), which is 1 for x 2 Aj and 0 otherwise, then
fj,k(x)χAj(x), j = 1, 2, 3, k 2 Z, form an orthonormal basis
for L2(A). However, the basis elements in this construc-
tion may have discontinuities. This may cause long terms
in signal expansion. Therefore, one desires other window
functions wj(x) rather than the truncations χAj(x) so that
the windowed local bases form an orthonormal basis for
L2(A) and moreover they are continuous in A. To construct
such window functions and bases is the main goal of this
paper.
This paper is organized as follows. In Section 2, we
describe some notations. In Section 3, we introduce a gen-
eral theory for the construction. In Section 4, we present
a family of continuous Malvar wavelets on the hexagon A.
Finally, in Section 5, we illustrate our results with a numer-
ical example.
2. SOME NOTATIONS
L2(D): Set of square integrable functions on two dimen-
sional domain D.
A: Normalized hexagon centered at 0 = (0, 0).
Aj: Rhombus inside the hexagon A, j = 1, 2, 3.
Bl: One sided overlap, parallelogram, l = 1, 2, . . . , 6.
: The width of Bl, one sided overlap size.
~Aj = Aj [ B2j−1 [ B2j: Extended region of Aj, j = 1, 2, 3.
el: Outside edge of A, l = 1, 2, . . . , 6.
dl: Edge inside A of rhombuses Aj, l = 1, 2, . . . , 6.
A^j: Intersections of the one sided overlaps Bl, smaller
rhombus, j = 1, 2, 3.
A^: Union of A^j, j = 1, 2, 3.
x = (x1, x2) 2 R2.
fj,k: Local bases for L2(Aj).
~fj,k: The even and odd extension of fj,k.
wj: Window function, j = 1, 2, 3.
uj,k: Desired basis for L2(A).
Tj: Reflection mapping around edges dl, j = 1, 2, 3.
Tj+3k = Tj: Periodic extension of Tj, j = 1, 2, 3, k 2 Z.
Rl: Rotation with lpi/3 angle, l = 1, 2, . . . , 6.
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FIG. 1. Normalized hexagon.
In detail, T1 is the reflection around the line x2 =
−(1/p3)x1, T2 is the reflection around the line x2 =
(1/
p
3)x1, and T3 is the reflection around the line x1 = 0:
T1 =

1
2
−
p
3
2
−
p
3
2
− 1
2
 , T2 =

1
2
p
3
2
p
3
2
− 1
2
 ,
T3 =
 −1 0
0 1
 .
The rotations are:
Rl =
 cos
(
l pi
3
)
− sin
(
l pi
3
)
sin
(
l pi
3
)
cos
(
l pi
3
)
 .
A2 =
{
x : −1 à x1 à 0, − 1p
3
x1 − 2p
3
à x2 à − 1p
3
x1
}
,
A1 = T1(A2) and A3 = T3(A2).
B1 =
{
x : −1 à x1 à 0, − 1p
3
x1 − 2p
3
 à x2 à − 1p
3
x1
}
.
B4 = T1(B1), B2 = R4(B4), B5 = T2(B2), B3 = R2(B1) and
B6 = T3(B3).
A^1 = B4 \ B5, A^2 = B1 \ B6, A^3 = B2 \ B3 and A^ = A^1 [
A^2 [ A^3. See Fig. 1.
3. A GENERAL THEORY
For j = 1, 2, 3, let fj,k(x), k 2 Z, be an orthonormal basis
for L2(Aj) with∫
Aj
fj,k(x)f

j,l(x)dx = δ(k − l), k, l 2 Z, (3.1)
where  denotes the complex conjugate. Similar to Malvar
wavelets in [35, 7, 8, 10, 14], we rst need to extend the
local bases fj,k(x) from Aj to A, that are supported in ~Aj.
The extension method is similar: odd and even extension.
But the problem now is which side is for even or odd. To
solve it, we arbitrarily order the six edges of the hexagon
A by e1, e2, . . . , e6 consecutively. We then sign "+" or "−"
to each el alternatively with "+" signed to e1 as shown in
Fig. 2. With signs "+" and "−" on the edges of A we have
the following even and odd extensions for fj,k(x). For each
edge el there is a parallel edge dl on certain rhombus Aj.
On each dl we sign it "+" or "−" in the opposite way of
signing el, i.e., if el is signed to "+" ("−") then dl is signed
to "−" ("+"), as shown in Fig. 2. With these signs, the
local bases fj,k(x) are extended across each edge dl of Aj
evenly (or oddly) according to the sign "+" (or "−") on dl.
As an example, f1,k(x) is oddly extended across the edge d1
signed "−". With the above idea, the extensions ~fj,k(x) of
fj,k(x) can be expressed in details as follows.
FIG. 2. Hexagon A.
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FIG. 3. Rearrangement of the hexagon A^.
For j = 1, 2, 3, k 2 Z, and x 2 A,
~fj,k(x) =

−fj,k(T2j−1(x)), if x 2 B2j−1,
fj,k(T2j(x)), if x 2 B2j,
0, if x 6 2 ~Aj,
fj,k(x), otherwise.
(3.2)
We next want to classify real window functions wj(x)
supported on ~Aj for fj,k(x), j = 1, 2, 3. The following con-
ditions are needed for the orthonormality and completeness
of the Malvar wavelets on a hexagon.
(a) wj(x) = 1, if x 2 Aj − ( ~Aj1 [ ~Aj2), where fj1, j2g =
f1, 2, 3g − fjg.
(b) wj(x) = 0, if x 6 2 ~Aj.
(c) w1(x) = w2(T1(x)) for x 2 B1 [ B4,
w1(x) = w3(T2(x)) for x 2 B2 [ B5,
w2(x) = w3(T3(x)) for x 2 B3 [ B6.
(d1) w
2
j1(x) + w
2
j2(x) = 1, if x 2 ( ~Aj1 \ ~Aj2) − A^, where
j1 ≠ j2.
(d2) w21(x) + w22(x) + w23(x) = 1, if x 2 A^.
(e) wj1(x)wj2(x) = 0, if x 2 A^j, where j1 ≠ j2 and
fjg = f1, 2, 3g − fj1, j2g.
With the above extended local bases ~fj,k and window
functions wj we dene
uj,k(x) = wj(x) ~fj,k(x), j = 1, 2, 3, k 2 z,x 2 A. (3.3)
THEOREM 1. fuj,k(x)gj=1,2,3,k2Z is an orthonormal basis
for L2(A).
The conditions in (a)(d2) are similar to the ones for
one dimensional window functions described in [3, 5, 7].
The condition (e) is additional. However, similar to Mal-
var wavelets on rectangular regions discussed in [14], the
condition (e) is necessary for the completeness.
THEOREM 2. Let uj,k(x) be defined by (3.3). If wj(x), j =
1, 2, 3, satisfy Conditions (a)–(d2) and fuj,k(x)gj=1,2,3,k2Z
forms an orthonormal basis for L2(A), then Condition (e)
for window functions wj(x) is also satsified.
The above two theorems can be proved in the same man-
ner as in [14] for two dimensional Malvar wavelets on rect-
angular regions. The technique is standard and the details
are omitted here. In the next section, we construct a spe-
cial case of the above general theory by using separable
sine/cosine basis on rectangles.
4. A FAMILY OF CONTINUOUS MALVAR
WAVELETS ON A HEXAGON
We redivide the smaller hexagon A^ into three equal size
rhombuses A^0j, j = 1, 2, 3 as shown in Fig. 3: A^01 = f(x1, x2) :
(x1, −x2) 2 A^1g, A^02 = f(x1, x2) : (−x1, −x2) 2 A^2g, and
A^03 = f(x1, x2) : (−x1, −x2) 2 A^3g.
We redene window functions wj(x) by
(a0) wj(x) = 1, if x 2 Aj − ( ~Aj1 [ ~Aj2), where fj1, j2g =
f1, 2, 3g − fjg.
(b0) wj(x) = 0, if x 6 2 ~Aj.
(c0) w1(x) = w2(T1(x)) for x 2 ~A1 \ ~A2 − (A^01 [ A^02),
w1(x) = w3(T2(x)) for x 2 ~A1 \ ~A3 − (A^01 [ A^03),
w2(x = w3(T3(x)) for x 2 ~A2 \ ~A3 − (A^02 [ A^03).
(d0) w2j1(x)+w
2
j2(x) = 1, if x 2 ( ~Aj1 \ ~Aj2)−(A^0j1 [ A^0j2),
where j1 ≠ j2.
(e0) wj(x) = 0, if x 2 A^0j.
LEMMA 1. If wj(x), j = 1, 2, 3, satisfy the conditions
(a0)–(e0), then they satisfy the conditions (a)–(e).
Proof. The rst two conditions (a)(b) are the same as
(a0)(b0). To prove (c), by (c0) we only need to check (c)
for x 2 A^0j1 \ A^j2 , that can be veried by making use of
(e0). The condition (d1)(d2) are consequences of (d0) and
(e0). The condition (e) is a consequence of (e0).
The above lemma suggests another overlapping method
to construct Malvar wavelets on a hexagon, where there is
no overlap at the center 0 = (0, 0) between three extended
regions of rhombus Aj, j = 1, 2, 3 (see Fig. 4).
In the following, we want to construct continuous
(smooth) Malvar wavelets on A with the above window
functions in (a0)(e0).
First of all, we need to construct orthonormal bases on
rhombuses Aj. The method is to transform orthonormal
bases from rectangles to rhombuses. For j = 1, 2, 3, let
gj,k(x), k 2 Z, be an orthonormal basis for L2([0, 1] [0, 1]).
Let Pj, j = 1, 2, 3, be the following three transforms:
P1 =

1
2
p
3
2
− 1
2
p
3
2
 , P2 =
 −1 0
− 1
2
−
p
3
2
 ,
P3 =
(
1
2
−
p
3
2
1 0
)
.
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FIG. 4. Overlapping method for rhombuses.
Let
fj,k(x) =
p
3
2
gj,k(Pj(x)), (4.1)
then fj,k(x), k 2 Z, is an orthonormal basis for L2(Aj) for
j = 1, 2, 3. In particular, for j = 1, 2, 3,
gj,k1 ,k2(x) = gj,k1 ,k2(x1, x2) = 2 sin
(
pi
(
k1 +
1
2
)
x1
)
 sin
(
pi
(
k2 +
1
2
)
(1 − x2)
)
,
k1, k2 = 0, 1, 2, . . . . (4.2)
Clearly, with (4.1)(4.2) we have
f2,k1 ,k2(x) = f1,k1 ,k2(R4(x)),
f3,k1 ,k2(x) = f1,k1 ,k2(R2(x)). (4.3)
We next construct window functions. The idea is the
following. We construct window functions in two parts.
One part is the center area A^ and the other one is the area
outside A^ and in A. For the second part, we draw a line
that is parallel to the edges of the hexagon A outside the
center A^ (see Fig. 5). On this line, we construct one di-
mensional window functions for one dimensional Malvar
wavelets, the intersections of the line with the regions Bl
are the overlapped regions. Notice that this line is peri-
odic. Therefore, we are constructing Malvar wavelets on
periodic domain. Inside the center A^, we also draw a line
similarly. On this line we also construct one dimensional
window functions. The intersections of the line with any
possible two of the rhombuses A^0j, j = 1, 2, 3 are overlapped
regions and the one dimensional window functions on the
intersection of the line with the third rhombus take 0 value.
One dimensional window functions can be arbitrary as long
as they satisfy the four conditions described by Coifman
and Meyer [35, 7, 8]. They can be continuous and smooth
(see [5]). In the following example, we only use continuous
one dimensional window functions for simplicity.
Let’s rst construct w1(x) supported on ~A1 − A^01 by the
following six steps.
Step 1. w1(x) = 1 for x 2 A1 − B4 [ B5.
Step 2. w1(x) = 0 for x 2 (A2 − B1) [ (A3 − B2) [ A^01.
Step 3. For the region B1 [ B4 − A^03,
 Case I.
w1(x) = w1(x1, x2) = sin
[p
3pi
8
{
x2 + x1
1p
3
+
2p
3

}]
,
if −1 à x1 à −  and − 1p3 (x1 + 2) à x2 à − 1p3 x1.
 Case II.
w1(x) = w1(x1, x2) = sin
[
pi
4
( + x1 − x0)
]
,
FIG. 5. Construction method of window functions.
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FIG. 6. Construction method of the rst window function.
if −1 à x0 à − , x0 à x1 à x0 +  and x2 = (1/
p
3)
(x1 − 2x0).
Step 4. For the region A^03,
 Case I.
w1(x) = w1(x1, x2) = sin
[ p
3pi
8(−x1)
{
x2 − x1 1p
3
}]
,
if − à x1 < 0 and (1/
p
3)x1 à x2 à − (1/
p
3)X1, and
w1(x) =
p
2/2 if x1 = 0 and x2 = 0.
 Case II.
w1(x) = w1(x1, x2) = sin
[
pi
4(−x0) (x1 − 2x0)
]
,
if − à x0 < 0, x0 à x1 à 0 and x2 = (1/
p
3)(x1 −2x0), and
w1(x) =
p
2/2 if x1 = 0 and x2 = 0.
Step 5. For the region B2 [ B5 − A^02,
 Case I.
w1(x) = w1(x1, x2) = cos
[p
3pi
8
{
x1
1p
3
− x2 + 2p
3

}]
,
if  à x1 à 1 and (1/
p
3)(x1 − 2) à x2 à 1p3 x1.
 Case II.
w1(x) = w1(x1, x2) = cos
[
pi
4
( − x0 + x1)
]
,
if  à x0 à 1, x0 − à x1 à x0 and x2 = −(1/
p
3)(x1 −2x0).
Step 6. For the region A^02,
 Case I.
w1(x) = w1(x1, x2) = cos
[p
3pi
8x1
fp3x1 − x2g
]
,
if 0 à x1 à  and −(1/
p
3)x1 à x2 à (1/
p
3)x1, and
w1(x) =
p
2/2 if x1 = 0 and x2 = 0.
 Case II.
w1(x) = w1(x1, x2) = cos
[
pi
4x0
x1
]
,
if 0 à x0 à , 0 à x1 à x0 and x2 = −(1/
p
3)(x1 −2x0), and
w1(x) =
p
2/2 if x1 = 0 and x2 = 0.
With w1(x) well dened on A, the other two window
functions w2(x) and w3(x) can be simply dened by rotating
w1(x):
w2(x) = w1(R4(x)), w3(x) = w1(R2(x)). (4.4)
FIG. 7. (a) Window function w1(x) on A; (b) Its contour.
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THEOREM 3. Let window functions wj(x), j = 1, 2, 3, be
defined by the above procedure and local fj,k1 ,k2(x) be de-
fined by (4.1)(4.3). Then, the Malvar wavelets uj,k1 ,k2(x) =
wj(x) ~fj,k1 ,k2(x) for j = 1, 2, 3 and k1, k2 = 0, 1, 2, . . . are con-
tinuous in the hexagon A and form an orthonormal basis for
L2(A), where ~fj,k1 ,k2(x) are defined by (3.2) from fj,k1 ,k2(x).
Proof. By Theorem 1 and Lemma 1, uj,k1 ,k2(x) form
an orthonormal basis for L2(A). To prove the continuity,
by (4.3)(4.4) we only need to prove the continuity for
u1,k1 ,k2(x) in A. From the denition of w1(x), it is continu-
ous in A except at the origin 0, it is zero in A^01 and it is zero
at the boundary of ~A1 inside A. Fortunately, ~f1,k1 ,k2(x) are
zero at 0. This proves the continuity of w1(x) in A.
Remark. If one dimensional window functions used in
Steps 16 are smooth, then the Malvar wavelets uj,k1 ,k2(x)
in Theorem 3 are also smooth.
We now see what shapes look like for wj(x), and
uj,k1 ,k2(x). Since wj and uj,k1 ,k2 for j = 2, 3 are just rota-
FIG. 8. (a) Basis function u1,0,0(x) on A; (b) Its contour.
FIG. 9. (a) Basis function u1,0,1(x) on A; (b) Its contour.
tions of w1 and u1,k1 ,k2 , we only need to plot w1 and u1,k1 ,k2 .
Figure 6 shows the construction method of the rst window
function, and Fig. 7 shows the window function w1(x) de-
ned on A. Figures 8 and 9 show u1,0,0(x) and u1,0,1(x). We
choose  = 0.3.
5. CONCLUSION
In this paper, we presented a method to construct con-
tinuous (smooth) Malvar wavelets on a hexagon. It is not
hard to generalize it to Malvar wavelets on many hexagons,
where the conditions on window functions and the exten-
sion way of basis functions are similar.
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